The interaction between the electrons and the radiation in a free-electron laser leads to a shift and a spread of the electron velocity distribution.
gion. It is found that the efficiency and gain can be increased through introduction of an adjustable drift distance between two identical wigglers.
Theoretical studies of free-electron lasers indicate that the efficiency of such devices is limited by the small fraction of energy loss of the electrons that can take place in a single pass. The first operation of the freeelectron laser as an oscillator achieved an efficiency of less than 0.01%.1 It has been proposed to recycle the electron beam in order to increase the overall efficiency. 2 However, the analysis of the electron dynamics in a free-electron laser, using coupled Maxwell-Boltzmann equations, 3 showed that the velocity spread of an electron beam after the interaction is much larger than its velocity shift. This broadening leads to a considerable reduction of the gain and thus the usefulness of the reused beam.
In this Letter we point out that it is possible to improve the device efficiency by using multiple interaction regions that are properly spaced. For a quantitative analysis we use the single-electron model, which has been proved very useful in describing the transverse 4 and longitudinal 5 free-electron lasers. In this model, the trace of each electron is uniquely determined by its initial velocity v and entry phase 0. The output velocity of v' of an electron is found to second order in the field amplitude: 
change of a single electron passing through an arbitrary interaction region can be written as
where A is the average velocity shift, a-represents the velocity spread, and 0 = 0 + 5(t) still serves as a label 
Since the extractable energy from the electron beam is proportional to Amax, the overall efficiency of the device depends on the value of the factor R (_ Ao/ 2 ).
Consequently, an increase in the efficiency can be achieved by either enhancing the single-pass shift A or reducing the single-pass spread a.
The velocity spread is due to the different entry phases of electrons. If we can "invert" the interaction between wave and electrons in a second interaction region, then we may expect a reduction in the velocity spread. Such inversion can be achieved if the entry phase of each electron is shifted by 7r radians with respect to that of the first region. Thus two-stage devices have been proposed 6 ' 7 that consist of two identical interaction regions separated by a drift distance between them. Because of the velocity difference between wave and electrons, the 7r shift of the entry phase can be obtained by adjusting the value of LD (Fig. 1).8 where L is the length of interaction region, ¢ = [(I/up) -(1/U)]wL is the phase slippage in one transit of an electron with velocity v relative to the wave whose phase velocity is vp. X is the field expansion constant, and its explicit form depends on the type of free-electron laser.
For example, ij = eEwL 2 4 In general, the velocity interaction region drift space interaction region As a separate, but related, issue we consider the problem of maximizing the single-pass velocity shift and thus the single-pass gain by using two interaction regions. The basic reasoning for this approach is derived from the operation of the klystron. 9 The first interaction region acts as a buncher, giving rise to a strong velocity modulation. In the drift space between the two interaction regions, the velocity modulation gives rises to bunchbs (current modulation). These bunches are then made to enter the second interaction region at the optimum phase for deceleration and energy extraction.
Using the single-electron formalism 5 in the small-gain regime, we are able to formulate the interaction process in both interaction regions. The final velocity that is to be expressed as a function of initial entry phase is obtained by relating physical quantities in the second region to those in the first region. The expression of final velocity is then used to obtain the velocity spread and shift. In terms of the general expression (2), the velocity shift and spread of a two-element free-electron laser are found to be 
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wL a The comparison of the velocity shift and spread is given for a single-element device of length 2L, which is the total interaction length of the two-element device. The drift distance is arbitrarily chosen to be 2L, which results in a four times larger velocity shift.
3LD
X-Y 2 (6) The optimum operation can be achieved within a change of 2i-in a, which means an adjustment of the drift distance within IXLD,
For an estimate of a typical value of ALD we consider the Stanford device and find that ALD is about 5 cm.
This value is very reasonable for a practical experimental setup. Nekt we consider the problem of velocity spread. It (4) is found that the first-order contribution to the spread o can be rendered zero by choosing P = 27r or (x = 7r.
Unfortunately, we also find that the second-order shift becomes zero under either of these two conditions. Qualitatively, the spread is now of second order and the shift is fourth order in the field amplitude. This result follows directly from Madey's theorem, 1 0 y to which can be written in the relativistic approximation
where triangular brackets represent the ensemble average over 0. Using the expression (4) for Av, we have A-(AV) = 0 d-. (5) for the shift and spread of the two-element device.
We next compare Eqs. (5) with the shift and spread of a single-element device of length.2L, which is the total interaction length in Eqs. (5) . The result is shown in Table 1 , where we have arbitrarily chosen LD to be 2L.
Equations (5) show that for a given total interaction distance the velocity shift can be enhanced by a twoelement system, especially when the electron-drift distance is much larger than the length of each interaction region. Furthermore, it-is also shown that the increase in the velocity shift is not accompanied by an increase ih the spread of electrons.
The parameter, a is determined from the drift distance. In the high relativistic limit (-y >> 1), (9) It is obvious that A is identically zero if a vanishes. We conclude that, up to second order, it is impossible to eliminate the first-order spread without sacrificing the second-order gain.
We have considered the problem of increasing the shift and eliminating the spread separately. However, the final purpose is to improve the value of R that can be obtained from Eqs. (5),
The optimum condition for an efficient operation of the device is then found by optimizing Eq. (10) with changing a and A. Although the shift depends on a and P in a complicated manner, the expression for R contains two terms that depend exclusively on cv and A. So the optimum value for a and t can be found independently.
Consider the first term. It becomes infinitely large when a -7r. The second term, which depends only on A, approaches infinity as . -27r. As we have shown before, at these two values the shift is actually zero. However, U approaches zero at a faster rate than A, which results in an increasing value of R. 1 "
In conclusion, we have shown that the efficiency of a free-electron laser in beam circulation and the gain of a single-pass device can be highly improved by using a two-element system. For the gain enhancement, the system is operated at the resonance and a is equal to r/2. The gain is found linearly related to the drift distance. For the efficiency improvement we choose has close as possible to 2r and a as close as possible to -r. However, the choice of t and a must be such that single-pass gain is higher than the threshold condition.
